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1.2 Computation procedure of finite element method '\ Y

1. Define the problem to be solved by the governing
differential equations. Based on the differential equations
in the analysis of continuous systems, the equivalent
integration form of the problem is constructed as virtual
work, variational or weak form.

2. Select the type and order of the finite element. These
elements and corresponding shape functions will be used in
the analysis of discrete systems, which will be substituted
into the equivalent integral form.

3. Define a set of mesh for the problem. This involves the
description of the distribution of nodes and elements and
the description of the boundary conditions.
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3.1 Weak form of equivalent integration for differential equations \e/l

e Strong Form: governing equations (Partial Differential Equations, PDEs)
o Weak Form:
(1) Multiply each equation by an appropriate arbitrary function.
(2) Integrate this product over the space domain of the problem.

(3) Use integration by parts to reduce the order of derivatives to
a minimum.

(4) Introduce boundary conditions if possible.

An arbitrary function is one that can take any value we can

imagine. It can be a polynomial(Z£ I (), a trigonometric function

(=f1 %), a Dirac delta function, or any other function.
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2.8 Exercises

2.8.1 Summary the basic variables and equations of three-
dimensional and two-dimensional elasticity.

2.8.2 According to the expression methods in this chapter, provide
the basic variables and equations of axial deformation of the
following one-dimensional elastic cantilever beam. The
coordinates of the two ends are x=a and x=b, respectively; the
axial uniform load is b,.

2 > b
>x
x=a x=b

e Figure 2.5 Axial deformation of one-dimensional elastic cantilever beam.

3.2 Weak form of one-dimensional elasticity problems

L . . ° —>b
B One-dimensional elastic cantilever beam -
X
x=a x=b
e Displacemet: « strain: &, stress: o,
. . du
e Geometric equation: & = .

e Constitutive equation: o =Ee,

R . éo
e Equilibrium equation: —=+b =0
ox
L]
. . i n, is the unit
e Boundary conditions: ;
_ i outward normal
u=u(=0). ¥=a yector ;
t =t =no,(=0). x=b %

3.2 Weak form of one-dimensional elasticity problems !

B Weak form of equilibrium equation

e We start by introducing an arbitrary function w(x) that is defined in

the domain described by the interval ¢ < x < b. Multiplying the

equilibrium equation by this function we may write
oo
~+b =0
do, ox
glou.c )= 11'(.\'{ b +— ‘J 0
ox

e Integrate this product over the space domain of the problem

Gw,u,0,)= w(.\‘)(b.\ + Oﬁ—a“}i\' =0
° ox

10

3.2 Weak form of one-dimensional elasticity problems :

B Weak form of equilibrium equation

Hu(@) (@)de = u(z)v(z) - [u () v(a)dsl
e Integrate the stress term by parts as [ '/ !

Glw.n. o,)= .L“('T)[b* \.d‘ =0
ax|)

% ax=[ue |7 - [ Lo ax

[ w2

=[wiwe ] - ... - [ S dx

S
L™

=bwtxon ] +won ] [ ?'a_av
L

=fweon ] - 2o dx
Lz

N oo, rew
= J‘7 u(,\')a—_(*dv =w()ne|. - Jnqu"

where I is the boundary of ©, and we have n(a)=—1 and n, (b) =1

3.2 Weak form of one-dimensional elasticity problems

B Weak form of equilibrium equation

i/u(r}r' (2)ds = u(z)v(z) f“ (2)v(z)dsl

e Integrate the stress term by parts as

Glw.u.o,)= Lu(.\ )( b, 1.([\' =0
o)

\oa, ow_ o
= L n(.x)?d,\ =wx)ne,|. —‘[7 Eo’d\

|
i |
I 5 H
' I
I I
H n 0 0 n 0 n 1 |
w(x)no, = 1l'(.\’)f,(.\‘)|r‘ E G'=|0 n 0 n n 0.
|
| 0 n. 0 n nf )
a a ! !
. 8o, , .. _pow e o ;
—= -IE“(")EG"\ =w(x), (x)] .LEC-‘H:\

where T' is the boundary of Q, and we have n,(a) =—1 and n, (b) =1
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3.2 Weak form of one-dimensional elasticity problems :\ . )

B Weak form of equilibrium equation

e We also again introduce the notation that « is a boundary where u = it ,
tis a boundary where r, = i , and the total boundary is I'=I", UT .

With this notation we can write the weak form for equilibrium as

! -
G(w,u,0,)= J. w(,\')(b\_ - ﬂ}h’ =0
@ S dx

3.2 Weak form of one-dimensional elasticity problems ‘¥

B Weak form of equilibrium equation
e We also again introduce the notation that  is a boundary where u = it ,
t is a boundary where ¢, = i, , and the total boundary is I'=I', UT,.

With this notation we can write the weak form for equilibrium as

' -~
Glw,u,0,)= I W(.\’)[ b, -Hlﬁ}h' =0
@ _6x

Glw,u,0,)= L

14

3.2 Weak form of one-dimensional elasticity problems

B Weak form of equilibrium equation
e We also again introduce the notation that u is a boundary where u = i ,
t is a boundary where t, = 1, , and the total boundary is I'=I"', UT,.

With this notation we can write the weak form for equilibrium as

Glw,u,0,)= J- w(.\')[b\ " Ga"}h— =0
° CLgx

1

1 pOw _Cu St
Glw,u)= Ln(.\’)b‘d\':—fggf s wtwi | 1=0
1

o
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3.3 Finite element computation based on weak form |

B Galerkin method

e To construct an approximate solution we express the displacement
u(x) in terms of a set of specified functions multiplied by unknown
parameters.

u(x) = i x) :Z;gé”(x)n” +itg(x)

e In asimilar way, we write the arbitrary function w(x) in terms of
an equal number of specified functions and arbitrary parameters.
These may be expressed as

w(x) =1(x)= ”ﬁi y, (v h,

In the above form we assume that both ¢, (x) and v, (x) are zero at
all locations where the boundary DISPLACEMENT is specified.

7 S
3.3 Finite element computation based on weak form \e/

e The function u;(x) is then specified as any function that satisfies the
DISPLACEMENT boundary condition. For example, if the
displacement must satisfy u(L)=d on the domain 0 < x < L, this

function may be taken as

18
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3.3 Finite element computation based on weak form :\

i

B Galerkin method

Glw, u)= Iw(‘r)bd'( I E—d’(+wt|

1ulx) = di(x W:Zw (x), +22,(x) 1 (x) :%E: @ (x)d

wix) = vblx) =3y (xhw,

e An approximate Galerkin solution for the elasticity problem

. da ),
Glw,it)= ZII J w,b dx— Z'II {Z +Ed‘ld'\

+ (5K
m-1

=0

8

3.3 Finite element computation based on weak form

+Zuw \)r
m=l
o
1
1
1
1
1
1
v
p dy, dg, _ - dy dg
b dx— E—ddx+uy,f = =
o=fpbidn- [ GE T ddes i), T TRy PR

load matrix stiffness matrix

20
20

3.3 Finite element computation based on weak form |

e Since the parameters w,, are arbitrary, the expression multiplying

each one must be zero. This leads to the set of equations:

ZK,J,,,a =fw m=12...N

e The original problem of partial differential equations has been

reduced to a set of algebraic equations.

3.3 Finite element computation based on weak form

e Matrix form of stiffness equation

KU 12

K, K,
K= 2

K.\'l K.\'J

e Formal solution

e Displacement and stress solution

NN ST 6. éii(x) dg,  dgslx)
. u(x) = ii(x)= ;m:(\ Ja, +u(x) (x)=E—— Z e d,]zz
21 22
I.[": r;,a : T N
3.3 Finite element computation based on weak form ! e‘] 3.3 Finite element computation based on weak form | e )

N4

B Example 3.1. Solutions of Galerkin method for

one-dimensional elastic cantilever beam

e As an example we consider a b.=10

JES——

static problem with length 10 J

units and E = 1000. Figure 3.1

10

shows the problem to solve.

e Figure 3.1 One-dimensional elastic
cantilever beam in Example 3.1.

10 for0<x<5

. b=
e Loading 5 {0 for5<x<I10

e Boundary conditions

u(0)=0 and 7(10)=2

23
23

e Weak form

Glw, u)= J.Qw(x)b,d:r 7J' —E gd.r +wr_f|r’ =0

l

=l m=]
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3.3 Finite element computation based on weak form |

e Weak form

[ 21000 Zdx - [ w(hodx - w(10)25 =0

o éox éx

r}(.\’):Z{%] a, and 1?'(.\’):%(%] w,
S S RT EA N R o (5] 10dxs 30w (25
S| [ nm[E] (EJ N "’;"ML{EJ w2 29)

. w1 nl . m
- 10 X X 50X
"Z:;[L IOmJ{ﬁJ (EJ dx:lﬂ_, :L(EJ 10dx+25

25

4
3.3 Finite element computation based on weak form (§

o Weak form

N 10 x m=l x ~l s x m
;[L 10"'"[1_} {E} d.\'}y =L{ﬁ} 10dx+25

K = mlOmn[i) d_‘,:M
o 10 m+n-1

m+1\2

f".=f[l'—to} 10dx+25=1% {l] +25

26
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3.3 Finite element computation based on weak form |

e For example, m=n=2, the stiffness matrix and load matrix are given by

k| B ka]_[100 100
Ky k| [100 400/3

£ (7502
UJlos

e Matrix form of stiffness equation

f

27
27

3.5 Treatments on boundary conditions

e Formal solution
100 100 {[a| _[75/2 |]:> [a] _[ 0.62500
- a= =
100 400/3|a,| [175/6 la,|  |-0.25000

e Displacement and stress solution

P § PR
ulx) = i(x)= ;ﬁ] a,= %x 0.625+ ﬁ] «(~0.25) =-0.0025x + 0.0625x
S.(x) :E“'ﬂ(") = E(?%aq]:—sw 625
éx = dx 28
28

3.3 Finite element computation based on weak form |

e Similarly, we get the solutions under different number of terms

N-terms a @ as as as

1 0.37500

0.62500 -0.25000 '

3 0.78125 -0.71875

4 0.78125 -0.71875

5 0.73437 -0.25000 -1.09275 1.64063 0.65625

e Table 3.1 Parameters for one-dimensional elastic
cantilever beam in Example 3.1.

e Discard terms that do not contribute to the solution.

e Does not lead to convergent behavior.

29
29

3.3 Finite element computation based on weak form

e Displacement and stress solution

1. The displacement at the free end is the same no matter how many terms we use. This
often happens in one-dimensional static problems but, unfortunately, is seldom true in
higher dimensional problems.

2. The solution for stress converges more slowly than that for the displacements;

3. however, once again we observe that some points are more accurate than others. These
we shall call super-convergent points and these points play an important role in our
later discussion on error estimates and adaptive refinement of solutions.

0.40 0,
0.35 7&
o s
0.
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T 020 é s0
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x x
(a) (b)
e Figure 3.2 Displ and stress in Example 3.1 based on

0
Galerkin method using N-terms solutions: (a) displacement and (b) stress. 30
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